In this paper, we study Hom-Lie superalgebras of Heisenberg type. For 3-dimensional Heisenberg Hom-Lie superalgebras, we describe their Hom-Lie super structures, compute the cohomology spaces and characterize their infinitesimal deformations.
Introduction
In recent years, Hom-Lie algebras and other Hom-algebras are widely studied, motivated initially by instances appeared in Physics literature when looking for quantum deformations of some algebras of vector fields. Hom-Lie superalgebras, as a generalization of Hom-Lie algebras, are introduced in [3] , [4] . Furthermore, the cohomology and deformation theories of Hom-algebras are studied in [1] [2], [6] , [9] and so on, while the two theories of Hom-Lie superalgebras can be seen in [3] , [5] .
We will follow [7] , [8] to define Heisenberg Hom-Lie superalgebras, which are a special case of 2-step nilpotent Hom-Lie superalgebras. The main idea of this paper is to characterize the infinitesimal deformations of Heisenberg Hom-Lie superalgebras using cohomology.
In particular, (V, [·, ·], α) and (V, [·, ·], β) are isomorphic if and only if there exists an even automorphism φ such that β = φαφ −1 .
Let V be a vector superspace as before. A bilinear form B on V is called homogeneous of parity j if it satisfies B(x, y) = 0, ∀x, y ∈ V, |x| = |y| + j; skew-supersymmetric if B(x, y) = −(−1) |x||y| B(y, x) for all homogenous elements x, y ∈ V ; non-degenerate if from B(x, y) = 0 for all x ∈ V , it follows that y = 0.
In this paper, we only discuss multiplicative Hom-Lie superalgebras over the complex field C and the elements mentioned are homogenous.
Heisenberg Hom-Lie superalgebras
Let g be a finite-dimensional Hom-Lie superalgebra with a 1-dimensional homogenous derived ideal such that [g, g] ⊂ Z(g). Let h ∈ Z(g) be the homogenous generator of [g, g] . Then a homogenous skew-supersymmetric bilinear formB can be defined on g via [x, y] =B(x, y)h, ∀x, y ∈ g. This induces a homogenous skew-supersymmetric bilinear form B on g/Z(g) via B(x + Z(g), y + Z(g)) =B(x, y).
Definition 3.1. A Hom-Lie superalgebra g is called a Heisenberg Hom-Lie superalgebra if the derived ideal [g, g] is generated by a homogenous element h ∈ Z(g) and B is nondegenerate.
From now on, we will also denote a Hom-Lie superalgebra by (h, α), where h = (V, [·, ·] h ) is a superalgebra and α is an even linear map. All brackets unmentioned in the following are zero.
Let g = (V, [·, ·], α) be a 3-dimensional Heisenberg Hom-Lie superalgebra with a direct sum decomposition g = g 0 ⊕g 1 . Let h ∈ Z(g) be the homogenous generator of the derived ideal [g, g] , We analyze the cases h ∈ g 0 and h ∈ g 1 separately.
Case 1. If h ∈ g 0 , we have two subcases:
(1.1) There are u 1 , u 2 ∈ g 0 such that {u 1 , u 2 , h} is a basis of g and [u 1 , u 2 ] = h, which implies that g is a Hom-Lie algebra.
(1.2) There are v 1 , v 2 ∈ g 1 such that {h|v 1 , v 2 } is a basis of g and [v 1 , v 2 ] = h. Then the Hom-Lie superalgebra will be denoted by (h 1 , α).
In this case, we denote the Hom-Lie superalgebra by (h 2 , α). Theorem 3.2. Let g be a multiplicative Heisenberg Hom-Lie(non-Lie) superalgebra of dimension three. Then g must be isomorphic to one of the following:
Proof. We analyze the cases h ∈ g 1 and h ∈ g 0 separately.
We have that g is multiplicative if and only if α([e i , e j ]) = [α(e i ), α(e j )] for i, j = 1, 2, 3, which implies µ 12 = 0 and µ 22 = µ 0 µ 11 . Then we obtain that α =
(a)If µ 21 = 0, we obtain a Heisenberg Hom-Lie superalgebra
If µ 0 = 1 and µ 11 = 0, then
which induces a Heisenberg Hom-Lie superalgebra like the one in (a).
Otherwise, i.e.µ 0 = 1 or
We can obtain a new Heisenberg Hom-Lie superalgebra
In this case, we can get three Heisenberg Hom-Lie superalgebras:
and (h 1 ,
4 The adjoint cohomology of Heisenberg Hom-Lie superalgebras
Denote by |ϕ| the parity of ϕ and |ϕ(
The k-cocycles space, k-coboundaries space and k-th cohomology space are defined as: 
Proof. It is easy to obtain C k α (g, g) for k = 1, 2 by Eq.(4.1) and Eq.(4.2). 
Proof. By Eq.(5.2), we have
Note that
By Eq. 
we call the deformations g t and g ′ t are equivalent. It is obvious that g t and g ′ t are equivalent if and only if ϕ 1 − ψ 1 ∈ B 2 (g, g) 0 . Therefore, the set of infinitesimal deformations of g can be parameterized by H 2 (g, g) 0 .
A deformation g t of Hom-Lie superalgebras g is called trivial if it is equivalent to g.
Corollary 5.2. All the infinitesimal deformations of the following Heisenberg Hom-Lie superalgebras are trivial:
(1) (h 1 , In the following, we discuss the non-trivial infinitesimal deformations of Heisenberg Hom-Lie superalgebras. We will distinguish two separate cases: the ones that are also Lie superalgebras and those are not.
We recall the classification of three-dimensional Lie superalgebras( [11] ):
) be a Lie superalgebras with a direct sum decomposition V = V 0 ⊕ V 1 , where dimV 0 = 1 and dimV 1 = 2. There are e 1 ∈ V 0 and e 2 , e 3 ∈ V 1 such that {e 1 |e 2 , e 3 } is a basis of V . Then L must be isomorphic to one of the following: We construct a new Lie superalgebra
′ is isomorphic to L 2 and we shall replace L 2 with it in Theorem 5.3. Table 1 . 
Proposition 5.4. A non-trivial infinitesimal deformation of Heisenberg Hom-Lie superalgebra (h 1 , α), that is also a Lie superalgebra, is isomorphism to
Proposition 5.5. The non-trivial infinitesimal deformations of (h 2 , α), that are also Lie superalgebras, are isomorphism to:
There is a basis {u|v, h} such that [u, v] 0 = h and others are zero. Table  2 . Table 2 (a) (µ 0 − 1)µ 11 = 0.
[·, ·] t base change Hom-Lie superalgebra 
the deformation g t is also a Lie superalgebra.
For cases (b) and (c), g t is an infinitesimal deformation for all ϕ. The deformation is also a Lie superalgebra if a 12 = a 13 = 0.
The deformations of (a), (b) and (c) are given in Table 3 . Proposition 5.4 and Proposition 5.5 give the infinitesimal deformations of Heisenberg Hom-Lie superalgebras that are also Lie superalgebras. Before discussing the rest deformations, we will recall some multiplicative Hom-Lie superalgebras and those can be find in the classification of multiplicative Hom-Lie superalgebras of [10] . Let V be a superspace with a direct sum decomposition V = V 0 ⊕ V 1 , [·, ·] be an even bilinear map and σ be an even linear map on V . Let {e 1 |e 2 , e 3 } be a basis of V . The following are three Hom-Lie superalgebras on V : 
